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S Uii MARY 

This r e p o r t  p r e s e n t s  c h a r t s  wkich r e a u c e  the s t r e s s  
a n a l y s i s  of c i r c u l a r  and e l l i p 3 i c  r i n g e  of un i fo rm c r o s s  
s e c t € o n  s u b j e c t e d  t o  ba l anced  sys tems of c o n c e n t r a t e d  
loads f r o m  a s t a t i c a l l y  i n d e t e r m i n a t e  problem t o  a s ta t ie  
c a l l y  d e t e r m i n a t e  one, 'Phe c h a r t s  a r e  c o n s t r u c t e d  f o r  t w o  
simple l o a d i n g  c o n d i t i o n s  f r r t o  w h i c h  nost of  the l o a d i i g  
c o n d i t i o n s  encountered  i n  the  d e s i g n  of t h e  main f rames  of 
a monocoque f u s e l a g e  m a y  be r e s o l v e d .  

The theoret ical  c a l c u l a t i o n s  r e q u f r o d  f o r  tho COP 
s t r u c t i o n  of  t h e  c b a r t s  enployed t k e  ~~mininium enor sy  netla- 
odI1 but a r e  omi t t ed  fn the r e p o r t .  

T.0 demonst ra te  ths  u s e  of the charts i n  the stress 
a n a l y s i s  o f  e l l i p t i c  r i n g s  an ' i l l u s t r a t i v e  problem is i n -  
cluded, 

INTRODUCTION 

The des ign  o f  main Trsnes f o r  monocoque f u s e l a z e s  ' las 
been d i s c u s s e d  by Roy A. H i l l e r  in r e f e r e n c e  1, whero L o  
a l s o  developed  e q u a t i o n s  f o r  tile s3ezr ,  t h rus t ,  and uonent 
i n  a c i r c u l a r  r i n g  o f  un i fo rm c r o s s  s a a t i o n  su5jocted t o  
ba l anced  systems of c o n c o n t r a t e d  &oacls, sJTl;m.etrical with 
r e s p e c t  t o  a d iameter .  As the monocoque f u s a l a g e  i s  pe r -  
haps more o f t e n  e1lipt;Lcal.  thaa o i r c u l a r  i n  s a c t i o n ,  tLo 
author has extendad the  s o x u t i o n s  g iven  i n  r e f o r o n c e  1 t o  
i n c l u d e  t h e  e 1 l ; t p t i c  ring o f  un i fo rm c r o s s  s e c t i o n  s u b j e c t -  
ed t o  b a l a n c e d  systems o f  c o n c e n t r a t e d  l o a d s  symmetr ical  
w i t h  r e s p e c t  t o  the major a i s .  

From s t r u a t u r a l  t h e o r y  ana d i n e n s i o n a l  r e a s o n i n g  i t ,  
developed that f o r  any l o a d i n g  conf l i t i on  t b e  s'aear, t h u s t ,  
and nonent at any 9 o i n t  i n  a r i n g  co-ald b e  r educed  t o  co- 
e f f i c i e n t  f o r m  and p r e s e n t e d  c o n v e n i e n t l y  in c i a r t s ,  ea?!! 
that with a s e r i e s  of t hese  char ts  the s t r e s s  s n a l y s l s  of 
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t h e  r i n g  i s  reduced from R e t a t i c a l l y  i n d e t e r m i n a t e  prob- 
lem t o  a s ta t icfLLly d e t e r m i n a t e  one. The o b j e c t  of  t h i s  
r e p o r t  i s  t o  present a group of t h e e e  charts f o r  C i r G u l a r  
and e l l i p t i c  r i n g s  which w i l l  b e  UrsePul i n  t h e  s t r e s s  a n a l -  
y s i s  o f  t h e  main f r ames  i n  mon-ocoqu-e f u s e l a g e s .  

The c a l c u l a t i o n s  r e q u i r e d  t o  e v a l u a t e  t h e  c o e f f i c i e n t s  
p l o t t e d  in t h e  c h a r t s  employod t h e  wminimum energy method'! 
and were made d u r i n g  a s tudy  of ' t l l l i p t i c  I n t e g r a l s ' !  unde r  
M r .  D .  K .  Kazarinoff  a t  the U n i v e r s i t y  of Michigan, w h o s e  
v a l u a b l e  a s s i s t a n c e  and s u g g e s t i o n s  a r e  g r a t e f u l l y  acknowl- 
edged. Because t h e  c a l c u l a t i o n s  were long  and con ta ined  
no th fng  n e w - l n  p r i n c i p l e ,  t hey  have been o m i t t e d  in t h a  
r e p o r t ,  However, a l l  t h e  c a l c u l a t i o n s  were checked i n  de- 
t a i l  by t h e  Na t iona l  Advisory Committee f o r  A e r o n a u t i c s ,  
s o  t h a t  t h e  p u b l i s h e d  c h a r t s  may be cons ide red  a c c u r a t e  
w i t h i n  t 4 e  l i m i t s  of t h e  usual assumptions i n  structural  
theory ,  

& ,  

To demonst ra te  t h e  use of t h e  c h a r t s  in t h e  s t r e s s  
a n a l y s i s  o f  e l l i p t i c  r i n g s  s u b j e c t e d  t o  ba l anced  systems 
o f  c o n c e n t r a t e d  l o a d s  s y - m e t r i c a l  with r e s p e c t  t o  t h e  ma- 
jor a x i s  o f  the  e l l i p s e ,  an i l l u s t r a t i v e  problem f s  fn- 
clud ed. 

. .  

From s t ructural  t h e o r y  and d imens iona l  r e a s o n i n g ,  i$ 
follows t h a t  t he  s h e a r ,  thrust ,  a n d  moment, r e s p e c t i v e l y ,  
a t  any point i p  a r i n g  s u b j e c t e d  t o  any Bystem of e x t e r -  
n a l  l o a d s  may be g iven  by t h e  following e q u a t i o n s :  

M = IC1'' a 'i7 (3) 

where a i s  a dimension of t h e  r i n g ,  I(, K', and K l l  a r e  
c o n s t a n t s  depending upon t h e  shape of t h e  r i n g  and t h e  
d i s t r i b u t i o n  o r  p o s i t i o n  o f  t h e  l o a d s ,  and IV i s  t h e  l o a d  
on the r i n g ,  F o r  a c i r c u l a r  o r  e l l i p t i c  r i n g  s u b j e c t e d  t o  
c o n c e n t r a t e d  l o a d s  1, balanced  and symmetr ical  as shown 
i n  Figu-re I, K is ze ro  a t  t h e  ends of t h e  axis  of  sym- 
metry,  I h e  value8 o f  1 1 1  and K r f  at one end o f  the a x i s  
o f  symmetry are g iven  i n  F i g u r e s  2 ,  3, 4i and 5 f o r  t h e  
two  c a s e s  shown i n  F i g u r e  1. These f i g u r e s  a r e  se l f -ex-  
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planatory and r e q u i r e  no comment e x c e p t  t ha t  in these 
c h a r t s  t h e  p o s f t i o n  o f  t he  l o a d . 8 ,  W, is given by a ,  
values of which are plotted against 8 f o r  %he v a r i o u s  
a/b r a t i o s  i n  Figu-ro 6, 

L I M I T A T I O B  OF TEE CHARTS 

- 
The c h a r t s  a r e  d e r i v e d ' f o r  t h i n  r i n g s ,  rings in which 

the dimens ions  o f  t h e  c r o s s  s e c t t o n  a r e  amall as compared 
t o  t h e  dimensiorra o f  t h e  611tp80, but not so small that 
deformation under  load becomes a p p r e c i a b l e  and chauggs in 
c u r v a t u r e  cannot  be closely , .approximated by the second de- 
r i v a t i v e .  Consequent ly ,  t h e  c h a r t a  must be c o n s i d e r e d  8 s  
approximate only. P o r  r i n g 3  of the  p r o p o r t i o n s  u s u a l l y  
encountered in t h e  d e s i g n  o f  main frames for monocoque fu- 
s e l a g e s  t h e  app'roxlimation should be c l o s e .  . .  . .  . .  

SLLU S TEATIVE PROBLEM 

Given: An e l l i p t i l c  r i n g  
a = 25 i n c h e s ;  b = 14.1 
i n c h e e ;  = 1.70 l o a d e d  
as shown. 

Required: T O  find t h e  shea;, 
thrust, and moment ( V a t  Pa, 
and Ma) at  the end8 of the 
minor axis .  

6 o l u t i o n :  The p r o c e d u r e  re-  
q u i r e d  L e  t o  s e p a r a t e  the 
loads i n t o  a e e r f e s  o f  sin- 
p l e  c a s e s ,  A and B, for 
which the c h a r t s  a r e  con- 
s t r u c t e d ,  The s h e a r ,  thrust, 
and moment are then ca lcu -  
lated f o r  each af theee s i m -  
p l e  c a s e s  and added a l g e b r a -  
i c a l l y .  F o r  this problem 
three sirn-ple c a s e s  are re- 
q u i r e d  aa f o l l o w s :  



Pd = 0 pound 

MJla 9 M o  3. P a - 2 , , 0 0 0  ( b  - 
. b  c o s  @ 7 = l o o  + .  99  x.:25 * 

2 , ' O O O  (14.7 - L4;7 X 0.862) 
= -1,490 . -  pound- inches  

..- - 
I 

\ 

\ C a s e ,  2 . r . -  
1 

From Pigure -. 6 
... . 

' i l  , 

@ = 45.8.8 II . * 

. .  

.. 

F r o m  Figure 2 
- 

Po = 0.096 X 2,QOO = 192 
. . .L. . . p O-u.11 a 8 ; 

. .  . .  . Broiz  Figcre. 3 
\ 

/ t  
/ I  

L- ' I  M o  = 0 . 0 2 9  X 25 X 2,000 = 
1,450 Found-inches 

2000 lb. 
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Then: 

Sg inspect ion 

Md = Mo + P0a - 2,000 (b - 
b cos @ ) = 1,450 + 1 9 2  X 

0.697) = -2,650 pound- 
inches 

25  - 2,000 (14.7 - 14.7 X 

Case 3 

F r o m  Figure 6 

@ = 45.8 

From Figure 4 

0 

\ 
\ P, = -0.92 x 2,000 = -1,840 

\ pounds 
I 

Tron Figure 5 
I 

M, = o . i m  x 25 x 2,000 = 
8,400 pound- inches 

I I Then: 

By inspect €on 

vd = -(-1,840) - 2,000 = -0 lb. 
-160 pounds  

Pd = 0 pound 

Md = Mo + Poa + 2,000 (a s i n  
Q 1 = 8,400 - 1,840 X 25 
+ 2,000 (25 X 0.717) = 
-1,760 pound-inches 

. .  
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The re fo re  t h e  s h e a r ,  t h r u s t ,  a3d moment a t  the e.nds o f  
t h e  minor a x i s  for t h e  assumed problem a re :  

---- C a s 8  2 -- Case 3 E L E L  Case 1 ---- 
V d  =- ( 9 9 )  + (-192) + ( -160)  = -253 pounds 

Pd = (0) f ( 2 , 0 0 0 )  + (0) = 2 ,000  pounds 

Pbd = ( -1 ,490)+(-2,650)  + ( - 1 , 7 6 0 )  = -5 ,900  pound-inches 

I n  a s i m i l a r  manner the s h e a r ,  t h r u s t ,  and  moment can 
be c a l c u l a t e d  a t  any point in t h e  ring. By making a s e r f e s  - 
of  such c a l c u l a t i o n s  f o r  8 number O f  p o i n t s ,  t h e  maximum 
s t r e s s  in t h e  r i n g  may be determined.  

Univereity of Michigan, 

kin Arbor,  Kich.,  December 8 ,  1932.  

1. X i l l e r ,  Roy A . :  A S o l u t i o n  of t h e  C i r c u l a r  Ping. 
Airway A g e ,  May, 1931. 
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Figctre 2.- Thrust coefficients for case A. 
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Figme 4.- T~rust coefficients for case B. 
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Figure 5 .-. I.!o?snt coefficients for case B . 
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Figure 6 . -  V a l x e s  of a .  


